The W-characteristic set of a polynomial ideal is the minimal triangular set contained in the reduced lexicographical Gröbner basis of the ideal. A pair (C, G) of polynomial sets is a strong regular characteristic pair if G is a reduced lexicographical Gröbner basis, C is the W-characteristic set of the ideal G , the saturated ideal sat(C) of C is equal to G , and C is regular. In this paper, we show that for any regular set T the W-characteristic set C and the reduced lexicographical Gröbner basis G of sat(T ) form a strong regular characteristic pair (C, G), and for any polynomial ideal I with given generators one can either detect that I is unit, or construct a strong regular characteristic pair (C, G) by computing Gröbner bases such that I ⊆ sat(C), so the radical ideal of I can be split into the saturated ideal sat(C) and the quotient ideal I : sat(C). Based on this strategy of splitting by means of quotient and with Gröbner basis and ideal computations, we devise a simple algorithm to decompose an arbitrary polynomial set F into finitely many strong regular characteristic pairs, from which two representations for the zeros of F are obtained: one in terms of strong regular Gröbner bases and the other in terms of regular triangular sets. We present some properties about strong regular characteristic pairs and characteristic decompositions and illustrate the proposed algorithm and its performance by examples and experimental results.
Introduction
Triangular sets [27, 33, 17, 30] and Gröbner bases [5, 6, 4, 10] are special kinds of wellstructured sets of multivariate polynomials that can be used to represent and to study zeros of arbitrary polynomial sets and ideals. A large variety of problems in commutative algebra and algebraic geometry [10, 11] may readily be solved by transforming the involved sets of polynomials into triangular sets or Gröbner bases. It is widely known that the theories and methods of triangular sets are different from those of Gröbner bases conceptually and operationally. The questions that have motivated our work here and in [31, 32] are what inherent relationship there may exist between triangular sets and Gröbner bases and how to connect or combine the two algorithmic approaches to amplify their applicability and power. These questions have been touched primarily for some special polynomial ideals such as bivariate ideals [18] and zero-dimensional ideals [22, 12, 19] , while the general literature of studies on triangular sets and Gröbner bases is extremely rich (see [2, 4, 6, 7, 8, 9, 12, 13, 14, 15, 17, 18, 20, 21, 23, 24, 25, 26, 28, 29, 31, 32] and references therein).
Multivariate polynomials in a triangular set may be ordered strictly according to their leading variables, with respect to a fixed variable ordering, so the number of the polynomials cannot be bigger than that of the variables in any triangular set. On the other hand, Gröbner bases are defined with respect to a fixed term order determined by the variable ordering and the number of elements in a Gröbner basis can be arbitrarily large. For any polynomial ideal with given set F of generators, one can compute, by using any of the available algorithms, a Gröbner basis that generates the same ideal as F. To represent the zeros of F using triangular sets, in general one needs more than one triangular set, so decomposition takes place. When a triangular set T is of concern, the leading coefficients of the polynomials in T with respect to their leading variables, called the initials of the polynomials in T , play a fundamental role. The saturated ideal of T by the product of the initials of the polynomials in T , called the saturated ideal of T and denoted as sat(T ), is the largest ideal whose zero set contains the set of those zeros of T which are not zeros of any of the initials.
Triangular sets may be ordered according to the ranks (leading variables and degrees) and then the leading terms of their polynomials. Let the minimal triangular set contained in the reduced lexicographical (lex) Gröbner basis of a polynomial ideal (or trivially [1] if the ideal is unit) be called the W-characteristic set of the ideal. By strong regular Gröbner basis, we mean a reduced lex Gröbner basis G such that the W-characteristic set C of the ideal G is regular and sat(C) = G ; we call (C, G) a strong regular characteristic pair, or an src pair for short. The pair (C, G) is an interesting object of study because the strong regular Gröbner basis G and the regular triangular set C therein not only have remarkable properties but also provide two different yet correlated representations for the zeros of the ideal G .
What interests us most is algorithmic decomposition of arbitrary polynomial sets into strong regular Gröbner bases, or equivalently into src pairs, for which we have the following general approach. From any polynomial set F, one can compute finitely many regular sets (also called regular chains [16] ) T 1 , . . . , T e such that F = sat(T 1 ) ∩ · · · ∩ sat(T e ).
(
There are two families of algorithms for such regular triangular decomposition. One family of algorithms was proposed initially by Kalkbrener [17] , and developed further by Moreno Maza and coauthors [24, 1, 8, 9] with algorithmic techniques from the method of Lazard [19] . These algorithms are capable of computing regular triangular representations of the form (1) . The other family of algorithms was proposed by the second author [30, 29] which can compute regular zero decompositions of the form
where each J i is the product of the initials of the polynomials in the regular set T i and Z(T i /J i ) denotes the set of all common zeros of the polynomials in T i which does not make J i vanish. It is easy to see that the decomposition (2) implies the representation (1). However, the representation (1) does not necessarily lead to the decomposition (2) and generators of the saturated ideals sat(T i ) in (1) are not explicitly provided. Nevertheless, for each sat(T i ) a Gröbner basis can be computed straightforwardly from T i . Another alternative approach proposed recently by Mou and the authors [32] permits one to decompose an arbitrary polynomial set into normal or regular characteristic pairs directly. This approach is based on a structure theorem about irregular W-characteristic sets [31] for the splitting of ideals and relies strongly upon Gröbner basis computation; it is independent of pseudo-division-based triangular decomposition.
In this paper, we show that from any regular set T an src pair (C, G) with sat(C) = sat(T ) can be easily formed by computing a reduced lex Gröbner basis, and from any polynomial ideal I with given generators one can either detect that I is unit, or construct an src pair (C, G) such that I ⊆ sat(C) by computing possibly several Gröbner bases. After an src pair (C (1) , G (1) ) = (C, G) is constructed, one can divide the saturated ideal sat(C (1) ) out of I to obtain an ideal I (1) by taking ideal quotient: I (1) = I : sat(C (1) ). If I (1) is larger than I, then the radical ideal of I is split as the intersection of the radical ideals of sat(C (1) ) and I (1) . Otherwise, one can proceed to find another src pair (C (2) , G (2) ) based on the initials of the polynomials in C (1) and consider the quotient: I (2) = I : sat(C (2) ). This process may continue until an ideal I (k) is found to be larger than I; then the radical ideal of I may be split as the intersection of the radical ideals of sat(C (k) ) and I (k) = I ′ . When I ′ is obtained, one can iterate the find-and-divide process with I ′ instead of I. Based on this strategy of splitting by means of quotient and with Gröbner basis and ideal computations, we devise a simple algorithm to decompose an arbitrary polynomial set F into finitely many src pairs (C 1 , G 1 ), . . . , (C e , G e ) such that
In the above decomposition computed by the find-and-divide algorithm, each G i is actually the reduced lex Gröbner basis of a saturated ideal sat(T i ), where T i is the W-characteristic set of a certain ideal that contains F . The regular set C i is the Wcharacteristic set of sat(T i ), obtained from G i as a by-product for free. Moreover, regular sets computed by our algorithm are normal in most cases and they usually have smaller sizes than the corresponding regular sets computed by pseudo-division 1 or subresultantbased algorithms, because the former are minimal triangular sets taken from lex Gröbner bases. In general, the generating sets of the saturated ideals of normal triangular sets are much easier to compute than those of abnormal ones. More importantly, our algorithm generates few redundant components, so the decomposition process usually terminates in a few iterations. The effectiveness of the decomposition algorithm has been demonstrated by our experimental results.
The rest of the paper is organized as follows. After a brief introduction to Gröbner bases, triangular decomposition, and characteristic decomposition in Section 2, we show in Section 3 how to construct from any regular set T an src pair (C, G) such that sat(C) = 1 Most of the available methods for triangular decomposition use pseudo-division to eliminate variables. In doing pseudo-division, the dividend has to be multiplied by some power of the initial of the dividing polynomial. Repeated multiplication of the powers of initials necessarily creates extraneous factors, making the sizes of intermediate polynomials increase rapidly. It happens often that decomposition cannot continue after a few successive pseudo-divisions because polynomials in the pseudo-reminder sequence become larger and larger. sat(T ), and from an arbitrary ideal I an src pair (C, G) such that I ⊆ sat(C). The find-anddivide algorithm for strong regular characteristic decomposition is described in Section 4. The algorithm and its performance are illustrated by examples and experimental results with a preliminary implementation of the algorithm in Section 5. The paper contains a summary of contributions in Section 6 and some remarks on special cases in Appendix A.
Preliminaries
In this section we recall some basic notions which will be used in the following sections. For those notions which are not formally introduced in the paper, the reader may consult the references [2, 30, 4, 10] .
Triangular sets, triangular decompositions, and Gröbner bases
Let K be a field and K[x 1 , . . . , x n ] be the ring of polynomials in n ordered variables x 1 < · · · < x n with coefficients in K. Throughout the paper, we write x for (x 1 , . . . , x n ). Let F be a polynomial in K[x] \ K. With respect to the variable ordering, the greatest variable appearing in F is called the leading variable of F and denoted as lv(F ). Assume that lv(F ) = x i ; then F can be written as
We denote by prem(P, Q) the pseudo-reminder of
be any triangular set; the pseudo-reminder of P with respect to T is defined as prem(P, T ) := prem(· · · prem(prem(P, T r ), T r−1 ), . . . , T 1 ).
The variables in {x 1 , . . . , x n } \ {lv(T 1 ), . . . , lv(T r )} are called the parameters of T . For any two polynomial sets
whereK is the algebraic closure of K. Sometimes we write Z(F/ G∈G G) for Z(F/G) and write
be any polynomial set and denote by F the ideal generated by F in K[x] and by F the radical of F . For any P ⊆ K[x], F : P denotes the ideal quotient of F by P . The saturated ideal of a triangular set Regular sets or chains [29, 2] are special triangular sets with nice properties which have been extensively studied. In particular, it is proved in [30, 29] that a triangular set T is regular if and only if sat(T ) = {P ∈ K[x] | prem(P, T ) = 0}. The triangular set T is called a normal set (or said to be normal) if ini(T ) does not involve any of the leading variables of the polynomials in T . Obviously, any normal set is regular, while a regular set is not necessarily normal.
For a given term order <, the greatest term in a polynomial F ∈ K[x] with respect to < is called the leading term of F and denoted as lt(F ). In this paper, we are concerned only with < lex , the lex term order.
be an ideal, < be a term order, and lt(I) stand for the ideal generated by the leading terms of all the polynomials in I. A finite set {G 1 , . . . , G s } ⊆ I is called a Gröbner basis of I with respect to < if lt(G 1 ), . . . , lt(G s ) = lt(I) .
with respect to a fixed term order <. For an arbitrary polynomial F ∈ K[x], there exists a unique polynomial R ∈ K[x], called the normal form of F with respect to G and denoted as nform(F, G), such that F − R ∈ I and no term of R is divisible by any of lt(G 1 ), . . . , lt(G s ). If F = R, then F is said to be B-reduced with respect to G. Definition 2.4 A Gröbner basis {G 1 , . . . , G s } is said to be reduced if every G i is monic and no term of G i is divisible by any lt(G j ) for all j = i and i, j = 1, . . . , s.
In the rest of this paper, the variable ordering will be fixed and all Gröbner bases mentioned are meant reduced lex Gröbner bases.
W-characteristic sets, characteristic pairs, and characteristic decompositions
For any polynomial ideal, one can compute its unique reduced lex Gröbner basis and from the Gröbner basis, one can extract a minimal triangular set. This special triangular set, defined formally as the W-characteristic set of the ideal, possesses remarkable properties and plays a key role in our work on src pairs.
. Then:
We say that the variable ordering condition is satisfied for a triangular set T if all the parameters of T are ordered smaller than the leading variables of the polynomials in T .
. If the variable ordering condition is satisfied for C and C is not normal, then there exists an integer
Some structural properties about pseudo-divisibility among polynomials in the Gröbner bases can be found in [31] . Based on those properties, an effective algorithm for normal triangular decomposition of polynomial sets has been proposed in [32] .
is called a characteristic pair if G is a Gröbner basis and C is the W-characteristic set of G . We say that the pair (C, G) is strong if sat(C) = G .
A characteristic pair (C, G) is said to be regular or normal if C is regular or normal, respectively. If the characteristic pair is strong and regular, then the Gröbner basis G in the pair is said to be strong regular. By regular or normal characteristic decomposition of a polynomial set F ⊆ K[x], we mean a finite set of regular or normal characteristic pairs (C 1 , G 1 ), . . . , (C e , G e ) satisfying the ideal relations in (3).
The expression (3) can be rewritten in terms of the zero sets or varieties as
When the regular or normal characteristic pairs (C i , G i ) are computed by the algorithms described in [29, 32] , the zero relation
is also satisfied.
To compute a desired characteristic decomposition of a polynomial set F, we first proceed to decompose F into finitely many Gröbner bases G i of certain kinds and then form the characteristic pairs (C i , G i ) by simply extracting the W-characteristic sets C i from G i .
Computing strong regular characteristic pairs
The main objective of this section is to show how to construct from any regular set T an src (strong regular characteristic) pair (C, G) such that sat(C) = sat(T ), and from an arbitrary ideal I an src pair (C, G) such that I ⊆ sat(C) by computing Gröbner bases. The construction enables us to devise a novel algorithm for decomposing any polynomial set into finitely many src pairs. Definition 3.1 A Gröbner basis G is said to be characterizable if G = sat(C), where C is the W-characteristic set of G .
Obviously, the W-characteristic set C extracted from the Gröbner basis G is unique. The following proposition shows that if sat(C) = G , then C must be regular and thus (C, G) is an src pair. In other words, the Gröbner basis G in any src pair (C, G) is characterizable. Otherwise, sat(C) = G ; in this case, G may not necessarily be determined by C (i.e., there may be two Gröbner bases G 1 and G 2 such that G 1 and G 2 have the same W-characteristic set C).
Proposition 3.2 The W-characteristic set of the ideal generated by any characterizable Gröbner basis is regular.
Proof Let G be any characterizable Gröbner basis and C = [C 1 , . . . , C r ] be the Wcharacteristic set of G . For any P ∈ sat(C), we have P ∈ G since G = sat(C). From Proposition 2.6 (a) one can see that prem(P, C) = 0, which means that sat(C) ⊆ {P ∈ K[x] | prem(P, C) = 0} ⊆ sat(C). Therefore, by [2, Thm. 6 .1] C is regular.
be a regular set with lv(T r ) < x n , and
be a polynomial with lv(P ) = x m > lv(T r ) and deg(P, x m ) = d. Then prem(P, T ) = 0 if and only if prem(P i , T ) = 0 for all i = 0, 1, . . . , d.
be a regular set, G be the Gröbner basis of sat(T ), and C be the W-characteristic set of G . Then:
Proof (a) Let lv(T ) = {lv(T ) | T ∈ T } and lv(C) = {lv(C) | C ∈ C}. We first prove that lv(T ) = lv(C). To do so, suppose otherwise that there exists an
∈ lv(T ), from Lemma 3.4 we know that prem(G i , T ) = 0 and thus
for i = 0, 1, . . . , d. It follows that nform(G i , G (k−1) ) = 0, so that nform(G, G (k−1) ) = 0, which contradicts with the fact that G is reduced with respect to G (k−1) . Therefore, lv(C) ⊆ lv(T ).
On the other hand, suppose that there exists an
∈ lv(C). Let T be the polynomial in T such that lv(T ) = x l ; then T can be written as T = ini(T )x p l + R with deg(T, x l ) = p and deg(R, x l ) < p. Since T ∈ sat(T ) = G , nform(T, G) = 0. Noting that x l / ∈ lv(C) = lv(G), one can see that nform(ini(T ), G) = 0, so that ini(T ) ∈ G = sat(T ). This contradicts with the fact that T is regular. Hence lv(T ) = lv(C). Now we show that deg(
One can easily see that T i ∈ G and T i < lex C i . This leads to contradiction with the minimality of Proof We prove the theorem by induction on the number r of polynomials in T . The case r = 1 is trivial. Now we assume that the theorem is true for r ≤ k − 1 and proceed to prove that C (k) is regular and sat(C (k) ) = sat(T (k) ).
Suppose otherwise that C (k) is not regular. We want to derive a contradiction. Let I i = ini(C i ) for i = 1, . . . , k and J = I 1 · · · I k . Since C (k−1) is regular by induction, either I k ∈ sat(C (k−1) ) or QI k ∈ sat(C (k−1) ) for some Q / ∈ sat(C (k−1) ). Also by induction hypothesis, sat(C (k−1) ) = sat(T (k−1) ), and thus either −1) ), which contradicts with the fact that T is regular.
To prove that sat(C (k) ) = sat(T (k) ), we first prove that res(J, T (k) ) = 0 by refutation. Suppose that res(J, −1) ). Both cases contradict the above-proved conclusion that C (k) is regular. It is thus proved that res(J, T (k) ) = 0. Finally, by Lemma 3.3 we have
Obviously sat(C (k) ) contains sat(T (k) ), and the theorem is therefore proved. Proof From Proposition 2.6 (a) and sat
Then by the Ascending Chain Condition there exists an m ≥ 2 such that sat(C m−1 ) = sat(C m ) = · · · . It follows that the Gröbner basis G m is characterizable unless sat(C m ) = 1 . Therefore, one sees from Proposition 3.2 that C m is regular.
The process of constructing the chain of W-characteristic sets C i of I i = G i for i = 1, . . . , m such that C m is regular and sat(C m ) = sat(C m−1 ) (called strong regularization) shown in Theorem 3.8 is depicted by the diagram in Figure 1 . From Theorem 3.6 we know that for any triangular set T , if T is regular, then the W-characteristic set C of sat(T ) is also regular and sat(T ) = sat(C); thus (C, G) is an src pair. Theorem 3.6 corresponds in some way to the case of Theorem 3.8 when C 1 is assumed to be regular; in this case C 2 is always regular and thus m = 2. However, C 2 is not necessarily regular (i.e., m may be greater than 2) when C 1 is not regular, as shown by Example 3.10 (where m = 3). The example also illustrates that Theorem 3.6 does not hold if T is not assumed regular.
For any triangular set T , sat(T ) is said to be equiprojectable if there exists a regular set T such that sat(T ) = sat(T ) [3] . The following corollary follows directly from Theorem 3.8.
Corollary 3.9 For any triangular set T , sat(T ) is equiprojectable if and only if the Wcharacteristic set C of sat(T ) is regular and sat(T ) = sat(C).
Corollary 3.9 points out explicitly how to constructT from T and thus how to check whether sat(T ) is equiprojectable. It is easy to verify that C 1 is a Gröbner basis, it is a triangular set, and it is also the W-characteristic set of I = C 1 , but C 1 is not regular. The Gröbner basis of the saturated ideal of C 1 may be easily computed as G 2 = {z, x(x − 1), y 2 − x, x(y + 1)}. The Wcharacteristic set of G 2 = sat(C 1 ) is C 2 = [x(x−1), x(y +1), z]. Obviously C 2 is not regular and thus sat(C 1 ) is not equiprojectable, while the W-characteristic set C 3 = [x − 1, y + 1, z] of sat(C 2 ) is regular. Therefore, for this example the integer m in Theorem 3.8 is equal to 3.
Algorithm 1 can be used to compute an src pair from any polynomial ideal. The termination and correctness of this algorithm follow directly from Theorem 3.8.
Strong regular characteristic decomposition
In this section, we present an algorithm to compute strong regular characteristic decompositions of polynomial sets using Gröbner basis and ideal computations. Let C be the W-characteristic set of an ideal
Computing src pairs with ideal operations
. If C is strong, then C carries all the information of I. If C is morbid, then the associated primes of I are all properly contained in those of sat(C); in this case the structure of I is so complicated that C carries almost no information of I.
Proposition 4.2 Let I and J be two ideals in
Proof On one hand, for any polynomial P ∈ I, we have P ∈ J and P ∈ I : J since I ⊆ J and I ⊆ I : J. It follows that P ∈ J ∩ (I : J), which implies that
On the other hand, for any polynomial P ∈ √ J ∩ √ I : J, we have P ∈ √ J and P ∈ √ I : J. As P ∈ √ J, there exists an m such that P m ∈ J; as P also belongs to √ I : J, one can find an s such that P s H ∈ I for any polynomial H ∈ J. Therefore, P s P m ∈ I and thus P ∈ √ I. Hence 
A find-and-divide algorithm for src decomposition
In this subsection, we describe an algorithm to decompose any polynomial set (or the ideal it generates) into finitely many src pairs. Based on the strategy of splitting ideals by means of quotient, the algorithm works by finding an src pair and then dividing the saturated ideal of the W-characteristic set in the pair out of the original ideal iteratively.
Consider an ideal I, initially with input F ⊆ K[x] as its generating set of polynomials. Let Ψ be the set of src pairs already computed; it is ∅ initially. First compute the Gröbner basis G of I and extract the W-characteristic set C of I from G. Then compute (C,Ḡ) := srcPair(sat(C)) withC = [C 1 , . . . ,C r ],Ī i = ini(C i ) for i = 1, . . . , r, and J =Ī 1 · · ·Ī r .
1. If I : sat(C) = I, then I is decomposed into sat(C) and I : sat(C); in this case, (C,Ḡ) = ( [1] , {1}) and an src pair is obtained and adjoined to Ψ. From Proposition 4.2 we know that
so the procedure can continue to decompose I : sat(C) instead of I.
Otherwise, I
: sat(C) = I and sat(C) = I (because I = 1 ); in this case, one can find a polynomial F ∈ sat(C) such that F / ∈ I. Let H be the set of all the squarefree factors of JF which are not in I. 
Then the decomposition continues with √ I : J instead of I.
The above process of decomposition will terminate in finitely many iterations. We formulate the process as Algorithm 2. The algorithm is practically effective because the case I : sat(C) = I does not occur often. In fact, we have never encountered an example for which step 2.2 is executed. This step is used undesirably as an alternative to make the algorithm complete as we are unable to ensure that step 2.1 always succeeds in producing an src pair.
Proof (Proof of Termination and Correctness of Algorithm 2) (Termination) Every time after the ideal I is decomposed, a new ideal I ′ is obtained and then further decomposed in the same way, so decomposition in Algorithm 2 is an iterative process. Obviously every new ideal generated in Lines 9, 17, and 26 is strictly enlarged. Thus by the Ascending Chain Condition, Algorithm 2 terminates.
(Correctness) When F = 1 in Line 4, Ψ = ∅ is returned. Hence we only need to show that when F = 1 , Ψ is an src decomposition of F, namely all the pairs in Ψ are src pairs and the relation (3) holds. It is clear that only in Lines 8, 16, or 25 is adjoined to Ψ a new pair (C,Ḡ). It is also easy to see that the pairs (C,Ḡ) generated in Lines 8 and 16 are src pairs as well since (C,Ḡ) = ([1], {1}) . For those pairs generated in Line 25, since J is a prime ideal, there exists an irreducible triangular set T such that J = sat(T ) and thusC is the W-characteristic set of sat(T ). As T is also regular, we know from Theorem 3.6 thatC is regular and sat(C) = sat(T ) = J = Ḡ . Therefore, each element in Ψ is an src pair. Now we prove that F = C∈Ψ sat(C) by considering all the src pairs generated in Lines 8, 16, and 25. For those src pairs generated in Line 8, one can easily see that I ⊆ sat(C), and in Line 16 we have I ⊆ G ∪ {H} ⊆ sat(C ′ ) ⊆ sat(C) for any H ∈ H since C ′ is the W-characteristic set of G ∪ {H} ; thus from Proposition 4.2 we know that the relation (6) holds. For those src pairs in Line 25, as J is an irredundant associated prime ideal of I, again by Proposition 4.2 the relation (7) holds. The relations (6) and (7) imply that every polynomial F ∈ √ I is in the intersection of sat(C) and √ I ′ , where I ′ is a new ideal obtained which remains for further processing. This proves that the relation F = C∈Ψ sat(C) holds when Algorithm 2 terminates with I ′ = 1 . Since for every src pair (C, G) ∈ Ψ, we have G = sat(C); therefore F = G∈Ψ G . This completes the proof of the relation (3).
Examples and experiments

Examples for src decomposition
Example 5.1 Let F = {uxy, vy 2 + y, vx 2 + y 2 } ⊆ K[u, v, x, y] with u < v < x < y. The Gröbner basis of I 1 = F can be easily computed as
and the W-characteristic set of
. The saturated ideal of C 1 is sat(C 1 ) = x 2 , y . One sees that C 1 is regular, so that (C 1 ,Ḡ 1 ) is an src pair, where is strictly larger than I 1 ; hence (C 1 ,Ḡ 1 ) is adjoined to Ψ and the procedure continues to decompose I 2 = I 1 : sat(C 1 ) instead of I 1 . The Gröbner basis of I 2 and the Wcharacteristic set of G 2 consist of the same polynomials:
where P = v 3 x 2 + 1 and Q = y − v 2 x 2 . Since sat(C 2 ) = 1 , the pair ([1], {1}) is obtained and I 2 : 1 = I 2 . Now we need to consider the set H, which can be easily determined as H = {u, v}. Choose v ∈ H, compute the Gröbner basis G 3 = [v, y] of G 2 ∪ {v} , and extract the W-characteristic set C 3 = [v, y] of G 3 from G 3 ; one finds that C 3 is regular and sat(C 3 ) = v, y = G 3 and I 2 : sat(C 3 ) = u, P, Q is strictly larger than I 2 . Then the src pair (C 3 , G 3 ) is obtained and adjoined to Ψ. The procedure continues with I 3 = u, P, Q . Simple computation shows that the Gröbner basis and the W-characteristic set of I 3 contain the same polynomials:
One can check that (C 4 , G 4 ) is an src pair and I 3 : sat(C 4 ) = 1 . Therefore, (C 4 , G 4 ) is added to Ψ and the procedure terminates. Finally, an src decomposition
Example 5.2 Consider the polynomial set
(which is Ex 9 in Table 1 ) with variable ordering w < v < u < t < c. The ideal generated by F, which is of dimension 2 and not radical, consists of 8 primary components (none of them is embedded). The polynomial set F can be decomposed by Algorithm 2 into 6 src pairs
where the polynomials G 1 , . . . , G 5 consist of 6, 3, 4, 10, 3 terms respectively and
It may be observed that (1) C i is normal for all i, (2) G i is prime for i = 1, . . . , 5, and (3) G 6 is composed of 3 prime ideals.
The cyclic-n systems are well-known examples for which triangular decompositions based on pseudo-division are more difficult to compute than Gröbner bases. Our algorithm can compute src pairs for cyclic-6 in a few minutes, while other triangular decomposition algorithms cannot (see Ex 21 in Table 1 ).
Implementation and experimental results
We have implemented Algorithm 2 as a Maple function srcDec and carried out experiments with the implementation on an Intel(R) Core(TM) i5-4210U CPU at 1.70 GHz×4 with 7.7 GB RAM under Ubuntu 16.04 LTS. The implementation is based on the functions for Gröbner basis computation available in the FGb library and Maple's built-in packages. Selected results of experiments on some test examples are presented in Table 1 : Ex 1-4 are taken from the Epsilon library, Ex 5-9 from [26] , Ex 10 from [8] , Ex 11 from the FGb library, Ex 12-16 can be found at http://www.lifl.fr/~lemaire/BCLM09/BCLM09-systems.txt, and Ex 17-21 can be found at http://homepages.math.uic.edu/~jan/Demo/TITLES.html. The function srcDec is implemented for direct decomposition of polynomial sets into src pairs. To observe the performance of our algorithm, we made comparative experiments on srcDec in Maple 18 with two other relevant functions for unmixed decomposition of polynomial sets into Gröbner bases of saturated ideals of triangular sets: one is the Epsilon function uvd which is implemented for decomposing an arbitrary algebraic variety into unmixed subvarieties. The other function computes first the decomposition of a polynomial set into regular sets using the RegularChains function Triangularize and then the Gröbner bases of the saturated ideals of the computed regular sets.
In Table 1 , Label indicates the label used in the above-cited references and Var, Pol, and Dim denote the number of variables, the number of polynomials in the example, and the dimension of the ideal generated by the polynomials, respectively. Total, GB, SAT, and QUO under Algorithm 2 record respectively the total time (followed by the number of src pairs in parenthesis) for src decomposition using Algorithm 2, the time for computing all the Gröbner bases, saturated ideals, and ideal quotients; Total under uvd records the total time for unmixed decomposition. Total and Regular under Triangularize record the total time for unmixed decomposition (followed by the number of components in parenthesis) and the time for regular decomposition respectively. The most time-consuming steps in algorithm srcDec are for the computation of lex Gröbner bases of the input ideals and the Gröbner bases of ideal quotients, while the computation of the Gröbner bases of saturated ideals is not very expensive for most examples, as one can see from Table 1 . The reason behind is that regular sets computed by our algorithm are normal in most cases and they usually have smaller sizes than the corresponding regular sets computed by pseudo-division or subresultant-based algorithms, so that the Gröbner bases of the saturated ideals of the regular sets produced by our algorithm tend to be easier to compute than those produced by uvd or Triangularize. More importantly, the number of src pairs in an src decomposition computed by srcDec is usually smaller than the number of components in the corresponding unmixed decomposition computed by uvd or regular decomposition by Triangularize, as shown by the experimental data in Table 1 . This is because our find-and-divide algorithm using ideal quotient generates few redundant components. For example, the computation of the src decomposition using srcDec takes much less time than that of the regular decomposition using Triangularize for Ex 14, as the src decomposition contains only two src pairs.
Conclusion
In this paper, it is shown that a strong regular characteristic (src) pair (C, G) can be constructed from any polynomial ideal I with given generating set F such that I ⊆ sat(C). The constructed src pair may be used to split the radical ideal of I into the radicals of the saturated ideal sat(C) and the quotient ideal I : sat(C). The process of construction and splitting can be repeated for I : sat(C) instead of I and recursively, yielding an algorithm capable of decomposing the polynomial set F into finitely many src pairs (C 1 , G 1 ), . . . , (C e , G e ) such that
or equivalently (3) holds. The relation (8) provides two representations for the zero set of F: one in terms of the Gröbner bases G 1 , . . . , G e and the other in terms of the regular sets C 1 , . . . , C e . Several nice properties about strong regular characteristic pairs and characteristic decompositions have been presented, and the implementation and performance of our proposed algorithm have been illustrated by examples and experimental results. The main contributions of this paper include: (1) two main theorems (Theorems 3.6 and 3.8) showing how to form an src pair (C, G) such that sat(T ) = sat(C) for any regular set T and how to construct an src pair (C, G) such that I ⊆ sat(C) from an arbitrary ideal I; (2) an algorithm for decomposing any polynomial set F into src pairs (C i , G i ) such that (3) and (8) hold; (3) some experiments with a preliminary implementation of the decomposition algorithm.
The triangular sets in an src decomposition are normal in most cases (cf. [32, 31] ). It turns out that comprehensive triangular decompositions [8] and/or Gröbner systems [23] can be reproduced rather easily from src pairs computed by our algorithm, and we are working on the details. The W-characteristic set of an ideal may be morbid. How to establish equivalent conditions for a W-characteristic set to be morbid and how to retrieve information of an ideal from its morbid W-characteristic set are among the questions that remain for further investigation.
Theorem A.3 Let {T 1 , . . . , T e } be a regular triangular decomposition of F ⊆ K[x] and each (C i , G i ) be constructed from T i according to Theorem 3.6. Then { (C 1 , G 1 ) , . . . , (C s , G e )} is a strong regular characteristic decomposition of F.
Proof As {T 1 , . . . , T e } is a triangular decomposition of F, we have
sat(T i ). By Theorem 3.6 the W-characteristic set C i of sat(T i ) is regular and sat(C i ) = G i , so each (C i , G i ) is an src pair for i = 1, . . . , e. Using the equalities sat(T i ) = sat(C i ) and G i = sat(T i ) one can easily prove that
Therefore, (C 1 , G 1 ) , . . . , (C e , G e ) is an src decomposition of F.
More generally, for any decomposition of an ideal I = F ⊆ K[x] into e ideals I 1 , . . . , I e such that √ I = e i=1 √ I i , one can apply Algorithm 2 to each generating set of I i for i = 1, . . . , e and then combine the results for all i to yield a strong regular characteristic decomposition of F, from which a regular triangular decomposition of F is obtained as by-product.
